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https://www.stat.cmu.edu/~ryantibs/convexopt-F15/lectures/26-nonconvex.pdf
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[IMKLXW� �MR�WSQI�QERRIV��-R�TEVXMGYPEV��JSV�E�¦RMXI�WEQTPI�WM^I�[I�WMQTP]�EVKYIH�XLEX�XLI�HMWGVIXI�HMWXVMFYXMSR�
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XLMW�;MOMTIHME�EVXMGPI�JSV�E�QSVI�MR�HITXL�HMWGYWWMSR�
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https://en.wikipedia.org/wiki/Cache_hierarchy


VIUYMVIH�XS�EGGIWW�QER]�HMWNSMRX�PSGEXMSRW�JSV�SRI�SJ�XLI�X[S�ZIGXSVW�EW�[I�VIEH�XLIQ�JVSQ�QIQSV]��8LI�WIGSRH
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PIEVRMRK�VEXI�TIV�GSSVHMREXI��8LMW�HSIW�RSX�MRGVIEWI�XLI�GSWX�SJ�%HEKVEH�WMKRM¦GERXP]�VIPEXMZI�XS�7+(��WMQTP]�WMRGI�XLI
QEMR�GSWX�MW�X]TMGEPP]�XS�GSQTYXI� �ERH�MXW�HIVMZEXMZI�

2SXI�XLEX�EGGYQYPEXMRK�WUYEVIH�KVEHMIRXW�MR� �QIERW�XLEX� �KVS[W�IWWIRXMEPP]�EX�PMRIEV�VEXI��WSQI[LEX�WPS[IV�XLER

PMRIEVP]�MR�TVEGXMGI��WMRGI�XLI�KVEHMIRXW�MRMXMEPP]�HMQMRMWL��8LMW�PIEHW�XS�ER� �PIEVRMRK�VEXI��EPFIMX�EHNYWXIH�SR�E
TIV�GSSVHMREXI�FEWMW��*SV�GSRZI\�TVSFPIQW�XLMW�MW�TIVJIGXP]�EHIUYEXI��-R�HIIT�PIEVRMRK��XLSYKL��[I�QMKLX�[ERX�XS
HIGVIEWI�XLI�PIEVRMRK�VEXI�VEXLIV�QSVI�WPS[P]��8LMW�PIH�XS�E�RYQFIV�SJ�%HEKVEH�ZEVMERXW�XLEX�[I�[MPP�HMWGYWW�MR�XLI
WYFWIUYIRX�GLETXIVW��*SV�RS[�PIX�YW�WII�LS[�MX�FILEZIW�MR�E�UYEHVEXMG�GSRZI\�TVSFPIQ��;I�YWI�XLI�WEQI�TVSFPIQ�EW
FIJSVI�

;I�EVI�KSMRK�XS�MQTPIQIRX�%HEKVEH�YWMRK�XLI�WEQI�PIEVRMRK�VEXI�TVIZMSYWP]��M�I��� ��%W�[I�GER�WII��XLI�MXIVEXMZI
XVENIGXSV]�SJ�XLI�MRHITIRHIRX�ZEVMEFPI�MW�WQSSXLIV��,S[IZIV��HYI�XS�XLI�GYQYPEXMZI�IJJIGX�SJ� ��XLI�PIEVRMRK�VEXI
GSRXMRYSYWP]�HIGE]W��WS�XLI�MRHITIRHIRX�ZEVMEFPI�HSIW�RSX�QSZI�EW�QYGL�HYVMRK�PEXIV�WXEKIW�SJ�MXIVEXMSR�
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ETTVSTVMEXIP]�
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9WMRK�XLI� ������� �MRWXERGI�SJ�XLI�EPKSVMXLQ� ������� ��[I�GER�MRZSOI�XLI�%HEKVEH�EPKSVMXLQ�
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%HEKVEH�HIGVIEWIW�XLI�PIEVRMRK�VEXI�H]REQMGEPP]�SR�E�TIV�GSSVHMREXI�FEWMW�
-X�YWIW�XLI�QEKRMXYHI�SJ�XLI�KVEHMIRX�EW�E�QIERW�SJ�EHNYWXMRK�LS[�UYMGOP]�TVSKVIWW�MW�EGLMIZIH���GSSVHMREXIW�[MXL
PEVKI�KVEHMIRXW�EVI�GSQTIRWEXIH�[MXL�E�WQEPPIV�PIEVRMRK�VEXI�
'SQTYXMRK�XLI�I\EGX�WIGSRH�HIVMZEXMZI�MW�X]TMGEPP]�MRJIEWMFPI�MR�HIIT�PIEVRMRK�TVSFPIQW�HYI�XS�QIQSV]�ERH
GSQTYXEXMSREP�GSRWXVEMRXW��8LI�KVEHMIRX�GER�FI�E�YWIJYP�TVS\]�
-J�XLI�STXMQM^EXMSR�TVSFPIQ�LEW�E�VEXLIV�YRIZIR�WXVYGXYVI�%HEKVEH�GER�LIPT�QMXMKEXI�XLI�HMWXSVXMSR�
%HEKVEH�MW�TEVXMGYPEVP]�IJJIGXMZI�JSV�WTEVWI�JIEXYVIW�[LIVI�XLI�PIEVRMRK�VEXI�RIIHW�XS�HIGVIEWI�QSVI�WPS[P]�JSV
MRJVIUYIRXP]�SGGYVVMRK�XIVQW�
3R�HIIT�PIEVRMRK�TVSFPIQW�%HEKVEH�GER�WSQIXMQIW�FI�XSS�EKKVIWWMZI�MR�VIHYGMRK�PIEVRMRK�VEXIW��;I�[MPP�HMWGYWW
WXVEXIKMIW�JSV�QMXMKEXMRK�XLMW�MR�XLI�GSRXI\X�SJ�%HEQ�

7YQQEV]

6174VST

3RI�SJ�XLI�OI]�MWWYIW�MR�%HEKVEH�MW�XLEX�XLI�PIEVRMRK�VEXI�HIGVIEWIW�EX�E�TVIHI¦RIH�WGLIHYPI�SJ�IJJIGXMZIP]� �
;LMPI�XLMW�MW�KIRIVEPP]�ETTVSTVMEXI�JSV�GSRZI\�TVSFPIQW��MX�QMKLX�RSX�FI�MHIEP�JSV�RSRGSRZI\�SRIW��WYGL�EW�XLSWI
IRGSYRXIVIH�MR�HIIT�PIEVRMRK��=IX��XLI�GSSVHMREXI�[MWI�EHETXMZMX]�SJ�%HEKVEH�MW�LMKLP]�HIWMVEFPI�EW�E�TVIGSRHMXMSRIV�

�GMXI� ��������Ŝ������Ŝɩɥɨɩ �TVSTSWIH�XLI�6174VST�EPKSVMXLQ�EW�E�WMQTPI�¦\�XS�HIGSYTPI�VEXI�WGLIHYPMRK�JVSQ
GSSVHMREXI�EHETXMZI�PIEVRMRK�VEXIW��8LI�MWWYI�MW�XLEX�%HEKVEH�EGGYQYPEXIW�XLI�WUYEVIW�SJ�XLI�KVEHMIRX� �MRXS�E�WXEXI
ZIGXSV� ��%W�E�VIWYPX� �OIITW�SR�KVS[MRK�[MXLSYX�FSYRH�HYI�XS�XLI�PEGO�SJ�RSVQEPM^EXMSR��IWWIRXMEPP]
PMRIEVP]�EW�XLI�EPKSVMXLQ�GSRZIVKIW�

3RI�[E]�SJ�¦\MRK�XLMW�TVSFPIQ�[SYPH�FI�XS�YWI� ��*SV�VIEWSREFPI�HMWXVMFYXMSRW�SJ� �XLMW�[MPP�GSRZIVKI�
9RJSVXYREXIP]�MX�QMKLX�XEOI�E�ZIV]�PSRK�XMQI�YRXMP�XLI�PMQMX�FILEZMSV�WXEVXW�XS�QEXXIV�WMRGI�XLI�TVSGIHYVI�VIQIQFIVW�XLI
JYPP�XVENIGXSV]�SJ�ZEPYIW��%R�EPXIVREXMZI�MW�XS�YWI�E�PIEO]�EZIVEKI�MR�XLI�WEQI�[E]�[I�YWIH�MR�XLI�QSQIRXYQ�QIXLSH�
M�I��� �JSV�WSQI�TEVEQIXIV� ��/IITMRK�EPP�SXLIV�TEVXW�YRGLERKIH�]MIPHW�6174VST�

0IX�YW�[VMXI�SYX�XLI�IUYEXMSRW�MR�HIXEMP�

8LI�%PKSVMXLQ



8LI�GSRWXERX� �MW�X]TMGEPP]�WIX�XS� �XS�IRWYVI�XLEX�[I�HS�RSX�WYJJIV�JVSQ�HMZMWMSR�F]�^IVS�SV�SZIVP]�PEVKI�WXIT
WM^IW��+MZIR�XLMW�I\TERWMSR�[I�EVI�RS[�JVII�XS�GSRXVSP�XLI�PIEVRMRK�VEXI� �MRHITIRHIRXP]�SJ�XLI�WGEPMRK�XLEX�MW�ETTPMIH�SR
E�TIV�GSSVHMREXI�FEWMW��-R�XIVQW�SJ�PIEO]�EZIVEKIW�[I�GER�ETTP]�XLI�WEQI�VIEWSRMRK�EW�TVIZMSYWP]�ETTPMIH�MR�XLI�GEWI
SJ�XLI�QSQIRXYQ�QIXLSH��)\TERHMRK�XLI�HI¦RMXMSR�SJ� �]MIPHW

%W�FIJSVI�MR�1SQIRXYQ�[I�YWI� ��,IRGI�XLI�WYQ�SJ�[IMKLXW�MW�RSVQEPM^IH�XS� �[MXL�E�LEPJ�

PMJI�XMQI�SJ�ER�SFWIVZEXMSR�SJ� ��0IX�YW�ZMWYEPM^I�XLI�[IMKLXW�JSV�XLI�TEWX����XMQI�WXITW�JSV�ZEVMSYW�GLSMGIW�SJ� �
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%W�FIJSVI�[I�YWI�XLI�UYEHVEXMG�JYRGXMSR� �XS�SFWIVZI�XLI�XVENIGXSV]�SJ�6174VST��6IGEPP�XLEX�MR
%HEKVEH��[LIR�[I�YWIH�%HEKVEH�[MXL�E�PIEVRMRK�VEXI�SJ������XLI�ZEVMEFPIW�QSZIH�SRP]�ZIV]�WPS[P]�MR�XLI�PEXIV�WXEKIW�SJ
XLI�EPKSVMXLQ�WMRGI�XLI�PIEVRMRK�VEXI�HIGVIEWIH�XSS�UYMGOP]��7MRGI� �MW�GSRXVSPPIH�WITEVEXIP]�XLMW�HSIW�RSX�LETTIR�[MXL
6174VST�
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�SFWIVZEXMSRW�SJ�XLI�WUYEVI�KVEHMIRX�
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6174VST�MW�ZIV]�WMQMPEV�XS�%HEKVEH�MRWSJEV�EW�FSXL�YWI�XLI�WUYEVI�SJ�XLI�KVEHMIRX�XS�WGEPI�GSI¨GMIRXW�
6174VST�WLEVIW�[MXL�QSQIRXYQ�XLI�PIEO]�EZIVEKMRK��,S[IZIV��6174VST�YWIW�XLI�XIGLRMUYI�XS�EHNYWX�XLI
GSI¨GMIRX�[MWI�TVIGSRHMXMSRIV�
8LI�PIEVRMRK�VEXI�RIIHW�XS�FI�WGLIHYPIH�F]�XLI�I\TIVMQIRXIV�MR�TVEGXMGI�
8LI�GSI¨GMIRX� �HIXIVQMRIW�LS[�PSRK�XLI�LMWXSV]�MW�[LIR�EHNYWXMRK�XLI�TIV�GSSVHMREXI�WGEPI�

7YQQEV]

%HEHIPXE�MW�]IX�ERSXLIV�ZEVMERX�SJ�%HE+VEH��8LI�QEMR�HMJJIVIRGI�PMIW�MR�XLI�JEGX�XLEX�MX�HIGVIEWIW�XLI�EQSYRX�F]�[LMGL
XLI�PIEVRMRK�VEXI�MW�EHETXMZI�XS�GSSVHMREXIW��1SVISZIV��XVEHMXMSREPP]�MX�VIJIVVIH�XS�EW�RSX�LEZMRK�E�PIEVRMRK�VEXI�WMRGI�MX
YWIW�XLI�EQSYRX�SJ�GLERKI�MXWIPJ�EW�GEPMFVEXMSR�JSV�JYXYVI�GLERKI��8LI�EPKSVMXLQ�[EW�TVSTSWIH�MR��GMXI� ������Ŝɩɥɨɩ ��-X
MW�JEMVP]�WXVEMKLXJSV[EVH��KMZIR�XLI�HMWGYWWMSR�SJ�TVIZMSYW�EPKSVMXLQW�WS�JEV�

%HEHIPXE

-R�E�RYXWLIPP��%HEHIPXE�YWIW�X[S�WXEXI�ZEVMEFPIW�� �XS�WXSVI�E�PIEO]�EZIVEKI�SJ�XLI�WIGSRH�QSQIRX�SJ�XLI�KVEHMIRX�ERH�
�XS�WXSVI�E�PIEO]�EZIVEKI�SJ�XLI�WIGSRH�QSQIRX�SJ�XLI�GLERKI�SJ�TEVEQIXIVW�MR�XLI�QSHIP�MXWIPJ��2SXI�XLEX�[I�YWI

XLI�SVMKMREP�RSXEXMSR�ERH�REQMRK�SJ�XLI�EYXLSVW�JSV�GSQTEXMFMPMX]�[MXL�SXLIV�TYFPMGEXMSRW�ERH�MQTPIQIRXEXMSRW��XLIVI�MW
RS�SXLIV�VIEP�VIEWSR�[L]�SRI�WLSYPH�YWI�HMJJIVIRX�+VIIO�ZEVMEFPIW�XS�MRHMGEXI�E�TEVEQIXIV�WIVZMRK�XLI�WEQI�TYVTSWI�MR
QSQIRXYQ��%HEKVEH��6174VST��ERH�%HEHIPXE�

,IVI�EVI�XLI�XIGLRMGEP�HIXEMPW�SJ�%HEHIPXE��+MZIR�XLI�TEVEQIXIV�HY�NSYV�MW� ��[I�SFXEMR�XLI�JSPPS[MRK�PIEO]�YTHEXIW
WMQMPEVP]�XS�6174VST�

8LI�HMJJIVIRGI�XS��RYQVIJ� ���ɏ������� �MW�XLEX�[I�TIVJSVQ�YTHEXIW�[MXL�XLI�VIWGEPIH�KVEHMIRX� ��M�I��

7S�[LEX�MW�XLI�VIWGEPIH�KVEHMIRX� #�;I�GER�GEPGYPEXI�MX�EW�JSPPS[W�

[LIVI� �MW�XLI�PIEO]�EZIVEKI�SJ�XLI�WUYEVIH�VIWGEPIH�KVEHMIRXW� ��;I�MRMXMEPM^I� �XS�FI� �ERH�YTHEXI�MX�EX
IEGL�WXIT�[MXL� ��M�I��

8LI�%PKSVMXLQ



ERH� ��E�WQEPP�ZEPYI�WYGL�EW� �MW�EHHIH�XS�QEMRXEMR�RYQIVMGEP�WXEFMPMX]�
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8LEX�MW��XLI�ZEVMERGI�IWXMQEXI�QSZIW�QYGL�QSVI�WPS[P]�XLER�XLI�QSQIRXYQ�XIVQ��2SXI�XLEX�MJ�[I�MRMXMEPM^I�

�[I�LEZI�E�WMKRM¦GERX�EQSYRX�SJ�FMEW�MRMXMEPP]�XS[EVHW�WQEPPIV�ZEPYIW��8LMW�GER�FI�EHHVIWWIH�F]�YWMRK�XLI

JEGX�XLEX� �XS�VI�RSVQEPM^I�XIVQW��'SVVIWTSRHMRKP]�XLI�RSVQEPM^IH�WXEXI�ZEVMEFPIW�EVI�KMZIR�F]

8LI�%PKSVMXLQ



%VQIH�[MXL�XLI�TVSTIV�IWXMQEXIW�[I�GER�RS[�[VMXI�SYX�XLI�YTHEXI�IUYEXMSRW��*MVWX��[I�VIWGEPI�XLI�KVEHMIRX�MR�E�QERRIV
ZIV]�QYGL�EOMR�XS�XLEX�SJ�6174VST�XS�SFXEMR

9RPMOI�6174VST�SYV�YTHEXI�YWIW�XLI�QSQIRXYQ� �VEXLIV�XLER�XLI�KVEHMIRX�MXWIPJ��1SVISZIV��XLIVI�MW�E�WPMKLX�GSWQIXMG
HMJJIVIRGI�EW�XLI�VIWGEPMRK�LETTIRW�YWMRK� �MRWXIEH�SJ� ��8LI�JSVQIV�[SVOW�EVKYEFP]�WPMKLXP]�FIXXIV�MR
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7LS[�XLEX�XLMW�TVSTIVX]�LSPHW�MR�KIRIVEP�JSV�SFNIGXMZI�JYRGXMSRW� �JSV� �
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ɨ

���1SHMJ]�XLI�FEXGL�WM^I�ERH�PIEVRMRK�VEXI�ERH�SFWIVZI�XLI�VEXI�SJ�HIGPMRI�JSV�XLI�ZEPYI�SJ�XLI�SFNIGXMZI�JYRGXMSR�ERH
XLI�XMQI�GSRWYQIH�MR�IEGL�ITSGL�

���6IEH�XLI�1<2IX�HSGYQIRXEXMSR�ERH�YWI�XLI� ������� �GPEWW� ���ɏ��������ɏ���� �JYRGXMSR�XS�VIHYGI�XLI�PIEVRMRK
VEXI�SJ�XLI�QMRMFEXGL�7+(�XS������SJ�MXW�TVIZMSYW�ZEPYI�EJXIV�IEGL�ITSGL�

���'SQTEVI�QMRMFEXGL�7+(�[MXL�E�ZEVMERX�XLEX�EGXYEPP]�WEQTPIW�[MXL�VITPEGIQIRX�JVSQ�XLI�XVEMRMRK�WIX��;LEX
LETTIRW#

���%R�IZMP�KIRMI�VITPMGEXIW�]SYV�HEXEWIX�[MXLSYX�XIPPMRK�]SY��M�I���IEGL�SFWIVZEXMSR�SGGYVW�X[MGI�ERH�]SYV�HEXEWIX
KVS[W�XS�X[MGI�MXW�SVMKMREP�WM^I��FYX�RSFSH]�XSPH�]SY��,S[�HSIW�XLI�FILEZMSV�SJ�7+(��QMRMFEXGL�7+(�ERH�XLEX�SJ
KVEHMIRX�HIWGIRX�GLERKI#

1MRMFEXGL�WXSGLEWXMG�KVEHMIRX�HIWGIRX�I\IVGMWIW

ɨ

���9WI�SXLIV�GSQFMREXMSRW�SJ�QSQIRXYQ�L]TIVTEVEQIXIVW�ERH�PIEVRMRK�VEXIW�ERH�SFWIVZI�ERH�EREP]^I�XLI�HMJJIVIRX
I\TIVMQIRXEP�VIWYPXW�

���8V]�SYX�+(�ERH�QSQIRXYQ�JSV�E�UYEHVEXMG�TVSFPIQ�[LIVI�]SY�LEZI�QYPXMTPI�IMKIRZEPYIW��M�I���
��I�K��� ��4PSX�LS[�XLI�ZEPYIW�SJ� �HIGVIEWI�JSV�XLI�MRMXMEPM^EXMSR� �

���(IVMZI�QMRMQYQ�ZEPYI�ERH�QMRMQM^IV�JSV� �
���;LEX�GLERKIW�[LIR�[I�TIVJSVQ�7+(�[MXL�QSQIRXYQ#�;LEX�LETTIRW�[LIR�[I�YWI�QMRMFEXGL�7+(�[MXL

QSQIRXYQ#�)\TIVMQIRX�[MXL�XLI�TEVEQIXIVW#

1SQIRXYQ�7+(�I\IVGMWIW

ɨ

���4VSZI�XLEX�JSV�ER�SVXLSKSREP�QEXVM\� �ERH�E�ZIGXSV� �XLI�JSPPS[MRK�LSPHW�� ��;L]�HSIW
XLMW�QIER�XLEX�XLI�QEKRMXYHI�SJ�TIVXYVFEXMSRW�HSIW�RSX�GLERKI�EJXIV�ER�SVXLSKSREP�GLERKI�SJ�ZEVMEFPIW#

���8V]�SYX�%HEKVEH�JSV� �ERH�EPWS�JSV�XLI�SFNIGXMZI�JYRGXMSR�[EW�VSXEXIH�F]����HIKVIIW��M�I���
��(SIW�MX�FILEZI�HMJJIVIRXP]#

���4VSZI�+IVWGLKSVMR�W�GMVGPI�XLISVIQ�[LMGL�WXEXIW�XLEX�IMKIRZEPYIW� �SJ�E�QEXVM\� �WEXMWJ]�
�JSV�EX�PIEWX�SRI�GLSMGI�SJ� �

���;LEX�HSIW�+IVWGLKSVMR�W�XLISVIQ�XIPP�YW�EFSYX�XLI�IMKIRZEPYIW�SJ�XLI�HMEKSREPP]�TVIGSRHMXMSRIH�QEXVM\�

#
���8V]�SYX�%HEKVEH�JSV�E�TVSTIV�HIIT�RIX[SVO��WYGL�EW��RYQVIJ� ���ɏ����� �[LIR�ETTPMIH�XS�*EWLMSR�12-78�
½��,S[�[SYPH�]SY�RIIH�XS�QSHMJ]�%HEKVEH�XS�EGLMIZI�E�PIWW�EKKVIWWMZI�HIGE]�MR�PIEVRMRK�VEXI#

%HEKVEH�I\IVGMWIW

ɨ

���;LEX�LETTIRW�I\TIVMQIRXEPP]�MJ�[I�WIX� #�;L]#

6174VST�I\IVGMWIW

https://en.wikipedia.org/wiki/Gershgorin_circle_theorem


ʧ �W GSQTPIXIH�EX������

���6SXEXI�XLI�STXMQM^EXMSR�TVSFPIQ�XS�QMRMQM^I� ��;LEX�LETTIRW�XS�XLI
GSRZIVKIRGI#

���8V]�SYX�[LEX�LETTIRW�XS�6174VST�SR�E�VIEP�QEGLMRI�PIEVRMRK�TVSFPIQ��WYGL�EW�XVEMRMRK�SR�*EWLMSR�12-78�
)\TIVMQIRX�[MXL�HMJJIVIRX�GLSMGIW�JSV�EHNYWXMRK�XLI�PIEVRMRK�VEXI�

���;SYPH�]SY�[ERX�XS�EHNYWX� �EW�STXMQM^EXMSR�TVSKVIWWIW#�,S[�WIRWMXMZI�MW�6174VST�XS�XLMW#

ɨ

���%HNYWX�XLI�ZEPYI�SJ� ��;LEX�LETTIRW#
���7LS[�LS[�XS�MQTPIQIRX�XLI�EPKSVMXLQ�[MXLSYX�XLI�YWI�SJ� ��;L]�QMKLX�XLMW�FI�E�KSSH�MHIE#
���-W�%HEHIPXE�VIEPP]�PIEVRMRK�VEXI�JVII#�'SYPH�]SY�¦RH�STXMQM^EXMSR�TVSFPIQW�XLEX�FVIEO�%HEHIPXE#
���'SQTEVI�%HEHIPXE�XS�%HEKVEH�ERH�617TVST�XS�HMWGYWW�XLIMV�GSRZIVKIRGI�FILEZMSV�

%HEHIPXE�I\IVGMWIW

ɨ

���%HNYWX�XLI�PIEVRMRK�VEXI�ERH�SFWIVZI�ERH�EREP]^I�XLI�I\TIVMQIRXEP�VIWYPXW�
���'ER�]SY�VI[VMXI�QSQIRXYQ�ERH�WIGSRH�QSQIRX�YTHEXIW�WYGL�XLEX�MX�HSIW�RSX�VIUYMVI�FMEW�GSVVIGXMSR#
���;L]�HS�]SY�RIIH�XS�VIHYGI�XLI�PIEVRMRK�VEXI� �EW�[I�GSRZIVKI#
���8V]�XS�GSRWXVYGX�E�GEWI�JSV�[LMGL�%HEQ�HMZIVKIW�ERH�=SKM�GSRZIVKIW#

%HEQ�I\IVGMWIW

ɨ


